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RESUME. Le but de ce travail est d’appliquer des outils de contrdle aux systémes de population de
péche. on construit un observateur pour un modéle continu structuré en age de population de péche
exploitée qui tient compte des pré-recrutés. Les variables du modele, I'effort de péche, les classes
d’age et la capture sont considérés respectivement comme contrdleur, états du systéemes et sa sortie
mesurée. Le changement de variables basé sur les dérivés de Lie nous a permis de mettre le systéme
sous une forme canonigue observable. La forme explicite de I'observateur est finalement donnée.

ABSTRACT. Our aim is to apply some tools of control to fishing population systems. In this paper
one constructs a non linear observer for the continuous stage structured model of an exploited fish
population, using the fishing effort as a control term, the age classes as a state and the quantity of
caught fish as a measured output. Under some biological satisfied assumptions, we formulate the
observer corresponding to this system and show its exponential convergence. With the Lie derivative
transformation, one shows that the model can be transformed to a canonical observable form; then
one gives the explicit gain of the estimation.
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1. INTRODUCTION

In fish population science, one evolves in a dubious world where the observation and
the direct experimentation are practically impossible. The resources cannot be counted
directly, except with acoustic method which is not generalized yet. It is thus necessary to
estimate the stock abundance through available data, captured quantity and fishing effort.
In literature the stock estimation state has received a less deal of attention, and some au-
thors are interested in the observer synthesis for the fish population systems. Ouahbi and
al [1] consider the discrete time model to develop a global observer which doesn't require
any non linear transformation, and it doesn’'t depend on any expression of recruitment
function. J.L Gouze et al [4] present a technic for the dynamic estimation of bounds and
no-measurable variables of an uncertain dynamical systems. They show the applicability
of these method only to the model of three stages. In this work we are interested in provi-
ding the estimation of the state for the model with n stages using the known input and the
measured output, having recourse to some global results found out by Gauthier et al[6],
Farza et al[8] .

The paper is organized as follows. We first consider the description of the continuous
stage structured model, under some biological satisfied assumptions. Next we give a state
transformation in order to make our system in a canonical observable form relying on the
Lie derivative transformation. Then we investigate the technic for the estimation of the
abundance in an invariant domain. In sectigsimulation results are shown far= 4 .

Finally in section 5, a conclusion is given.

2. PROBLEM FORMULATION AND ASSUMPTIONS

One considers here the nonlinear model derived in [10] and which describes the fish
population dynamics of abundangg and exploited by the fleet represented by the total
catchY and the fishing efforE. This model is described by the following state equation.

Xo = —aoXo+ >, filiXs — > o piXiXo

X1 = aXo—-(a+qaBE)Xy

: : (1]
X, = aXn,_1-— (an + g EN X,

Y = @EXi+@EXo+ ... +q.EX,

wherepy andp; represent respectively, the juvenile competition parameter and predation
of classi on class 0.

fi andl; are, respectively, the fecundity rate, and reproduction efficiency of tlass

The natural mortality class raies M;, and the relative catchability coefficientgs.

the linear aging coefficient, is supposed to be constant; is defined asy; = o + M;
.Suppose the system [1] satisfies assumptions as below :

Assumption 2.1 (one non linearity at least must be considered) ", p; # 0

Assumption 2.2 (the spawning coefficient must be big enough so as to avoid extinction)

" filim > g Where T, = =—2 andE is a constant fishing effort.
i Jilimi > a0 T (o0, B) 9

Assumption 2.3(all age classes are subject to catch and the oldest one yields eggs)
foralli=1...n¢; > 0andf,l,, #0
Assumption 2.4 (each predator lays more eggs than it consumes) X= minizl,,,n(%)



for fil;p; # 0.
Assumption 2.5 The fishing effort is subject to the constraint: £,,,;, < F < Enaq
The system [1] has two equilibrium points : the origih = 0 corresponds to an ex-
tincted population and the nontrivial equilibriud*, w hereX* = =, X5 and X§ =
Zr filimi—ao
P0+ZZL PiTq
In [2] it was shown that the system [1] controlled by any positive constant feedback law
E is asymptotically stable.
To facilitate the design of the observer the fishing effort is considered constant.

3. NON LINEAR OBSERVER DESIGN

3.1. State transformation
The system [1] can be rewritten with standard control notation :

X = AlX + BXu+((X) 2]
Y = CiX
00 0 0 0 0 0 0
0 —¢1 O 0
a 0 0 0 0 o0 - 0
where : A1—| 0 a 0 0 B = IQ2 |
0 0 . .0 0 8 0 0' _O
00 0 a O an
—aoXo + Yoy filiXs — Do piXiXo
—Oéle
C(X) = : Cl = [07 qQu, U, . .., Qnu]
on Xy

In order to get asymptotic results. We restrict Our Study to the Set D defined as fol-

lows D = II?[a;, b;] wherea; can be chosen as small as one needtand (1 + v;)m;
with vy =0 < v < ... < v, < 1.itis shown in [10] that;; andb; are bounded by some
function of the parametef;,/; andr; and that D is an invariant domain by system [1]
Let us prove thaf is liptshitz in D
By the mean value theorem there exist a peioh the line segment joining * € D and
X?% € Dsuchthat:
(X1 = ¢(X?) = 2 (2) (X = X?)
thus

IC(XH) = ¢(X?)]| 5% (Z2)(X* - X2)]|

5% (DINXT = Xx2)|

(2pop+ YT pibi + 307 fili + (a3 + 03 ...+ a2)7)[| X! — X2
So( is lipschitz in the invariant domain D with the liptschitz constarRpou+>_ | pibi+

Vhlit (ad+at.. +a2)s,
Let f(X) = 41X, andg(X) = BX
To facilitate the design of the nonlinear observer, perform a nonlinear state transforma-
tion:¢: X — Z = (MX),Leh(X),..., L}h(X))

L denotes the Lie derivative operatdy jh(X ) = %f(X) andL}h(X) = LfL}L‘lh(X)

INIA I



Z = (%2, 21, ...,Zy) can be expressed ag:= ¢(X) = M X where

0 QU qou e Qnu
QLuUQ QU .. gruQy 0
M = pua® ... quua? 0 0
: . 0 0 0
qrua™ 0 0 0 0

n(n+1)

One shows easily that (u, g,,) # (0,0)det M = ¢ lu"tla==— #£0

Thus¢ is a Diffeomorphismin D

Having recourse to some global results found out by Gauthier et al[6] and Farza et al[8]
¢ transform [2]to :

{Z = AZ+Y(Z)u+ p(Z) +w(Z) -
Y = ¢z
Where
0o 1 ... 0 .
00 1 0
A= 10010 " ol »C = 1100..0 2= 0
00 0 0 0 (6 (2)
(LY h(e71(2)) = CLATH X = 0)
LgL‘{%h(éj(Z))
oz = | EEOTEN | w@) = B2 (2)

: = M¢(¢~(2))

LyLh(¢~4(2))
w is lipschitz in the invariant domain D with the constdit is liptschitz with the constant
L)

3.2. Nonlinear Estimation Design

Our goal is to design an asymptotic state ObseXerith inputsE and Y its output,
such thaf| X — X|| tends to zero as t goes to infinity.
Let Sy the solution of the algebraic equatidity + A’ Sy + SyA — C'C =0
anddy be a definite diagonal matrix defined by; = diag(1, 3, ..., 7=) wheref > 0
it is proved thatSy = +dy.S1de[8]
whereS; is the solution of the algebraic equation féu= 1 andS (i, j) = (—1)+J Cf;]{l
Sl_lc/ = [0711,-{-1’ 3—{-17 ) Cg—tll]l
3.2.1. proposition

For# large enough the dynamical system modeled by :
X = f(X) +ug(X) + ((X) —0M " 1dy 'S, CN(C1 X - Y) [4]

wheref(X) = A, X andg(X) = BX is an exponential observer for the systgh



3.2.2. Lemma

For 6 large enough the dynamical system modeled Ey: AZ + w(i)u + w(?) —
0d, ' S;'C"(CZ —Y) is an exponential observer for the system [3].

Proof of the Lemma

Lete=Z—Z ~ ~
= (A—0dy 'Sy 1C’C) + (¥(2) = ¥(2))u+ (w(Z) —w(Z))
taking into accoun@d Y Ady = A andCC'dy = C'C it follows
é=0dy (A— Sy IC’C)dee + (W(2) = (2))u+ (W(Z) — w(Z))
Leteg = dge N N
Soép = 0(A — 7 1C'Ceq + do(V(Z) — Y(Z))u + do(w(Z) — w(Z))
C0n5|der the lyapunov function defined d8(ey) = 693169
= 0(ey(S1A+ A'S1)eq —2eyC'Cey) —l—ZeaSldg((w( Z)—0(Z)u+ (w(Z)—w(Z)))
SoV =0ey(S1A+ A'S1 —2C"C)ey + 26951d9((’l/)(2) —P(2D)u+ (w(Z) —w(2)))
from the algebraic equation we obtain: R
V =ep(—051 — 0C'C)eg + 2e,S1do((Y(Z) - V(Z))u+ (w(Z) - w(Z)))
ThenV = —0V — e, C"Ceg + 2¢,S1de(H(Z) — P(Z))u + (w(Z) — w(Z)))
consequently’ < —0V + 2\ a0 (S1)vn + 1(L + Lyy,)|leq|> WhereL,, = || B||tmaz

’ Amaw (S1)VRFL(L+Lm)
thus v < (2 imm(sg \%

By the Bellman-Gronwall lemma we deduce that :

max S n m
V(t) < V(0)exp(—(f — 22masl ;\)\/EgLJrL )))

So
leo®ll < /5y exp(— (0 — 2AmenlSVIEIL L)y 1)
< 3z llen(0) ] exp(— (0 — 22 La) ) )
< 0(S1)lleq(0)] exp(— (6 — 2Ame(SVRIIE L) ) 1)
(7(51) = \/3222()

Using the following inequality :
Ll < e < lle)
one deduces

le@)] < 0" [leq (1) 5]
< 070(S) exp(— (0 — 2AneelSV LA L) ) 1) o (0) |
Thus
forall g > 22mes(SUVRELETER) |0()|| tends to zero
min (S1)

Which ends the proof of the lemma
Proof of the proposition

We have :

X=M"1Z

Thus

X = M YAZ+9(Z)u+w(Z)-0dsS;'C(CZ —y))

+
f(X)+g( )u+<()?) OM~1dy Sy 1C’(C1X y)
FX) + g(X)u+ ¢(X) = 0M~1dpS7C'(C1X —Y)



We can prove that D is also invariant by the system [4]
However the gain\/ ~'d; 'S 1C’(C1 X — Y) of the observer [4] could be explicitly
written as : R
{ Py(0)C1 (X — X) -|
P(0)C1(X - X)

-OM 1yt STICH (1 X —Y) =
Po(0)C1(X - X)
W hereP;(0) is a polynomial of degree n+1

From the inequality [5] we gdimgp, 4 P;(0)C1(X — X) =0 So

Ve; > 030; > OVO > 60;]| P (0)C1(X — X)| < & [6]

~ By choosing appropriate; we can findd; such that/§ > 6;

)?7;(0,0, ai,..., an) >0 and)?q;(bo, b1,..., bn) <0
Then D is also invariant by the system (4)

3.3. observer for the model of three stages(n=2)
the equation of the model is expresed as :

Xo = —apXo+ Ele fili X — E?:o piXiXo

X1 = aXo- (a1 + 1 E) Xy 7]
Xo = aXi—(e+@mE)Xs

Y = qlEXl —|— q2EX2

The observer is given as :

Xo = —Oéo)/(\o + Zle filij(\i - Z?:o pzj(\i)/(\o + Z—;q%(m)/(\l + qQ)/(\z -Y)
/'\ o~ —~ 2 23 —~ o~

X1 = aXo— (a1 +@BE)X; + (325 - 3;%22 (@1 X1 +gXo —Y)

. — — 23 — —

X = aX;— (042+qQE)X2+(39—3(§2f + gglzz)q%(QIX1+q2X2_Y)
Y = qEX;+@EX

(8]

4. SIMULATION RESULTS AND DISCUSSION

One considers here a population with five stages age (n=4) :
Stagel represents the abundance of juvenile ; stagepresents the young adults abun-
dances without reproduction and cannibalism ; the stagesnd4 are adults abundances
with the same term of predation and the same proportion on the female mature but have
different reproduction raté{ < I3 < l4).).
The results obtained from the observer are illustrated by the example characterized by the
parameter value inspired from literature data [10]given in tablel. one simulates two cases
with the inputE(t) = E. In order to show the effect of high gain, we first simulate the
proposed system with the high galir= 5 and the results are presented in figures 1 which
give time evolution of the stage adé; and theirs estimate/gi respectively fori = 0 to 2
. Then in Figures2 we give the simulation results with the high gain15. Both the two
values off guarantees asymptotic convergence, and the second one shows good tracking
performances than the first.



stagei| O 1 2 3 4 | stagei| O 1 2 3 4
Di 02| 0 |01]01| 01 M; 105]|02]02|0.1|0.05
fi 05|05| 05 ! 0.8
l; 0 | 10| 20| 15 a; 13| 1 | 109|085
m; 05(02|02|02| 0.2 E 1

Qi 0 0 0 |01(015| X, 5 8 10 | 10 8
Xini 6 4 5 1|10 8

Tableau 1. simulation data

30
25 Fﬁ
20|
15|
10| 5r
o 5 10 15 20 OD 5 10 15 20
(a)Xo and X time evolution ford = 5 (b)X1 and X time evolution ford = 5
20
15
10
5
GO 5 10 15 20

(C)Xz and?(; time evolution ford = 5

Figure 1. Convergence asymptotic of the observer with the high gain § = 5 ("_") corresponds X; and ("...")

corresponds to X;

30
25
20
15
10 5r
50 5 10 is 20 OD 5 10 15 20
(a)xo and X time evolution fof = 15 (a)X1 and X time evolution for§ = 15
20
15
10
5O 5 10 15 20

(C)Xz and?(; time evolution ford = 15

Figure 2. Convergence asymptotic of the observer with the high gain & = 15 ("_ ") corresponds X; and (*...")

corresponds to X;




5. CONCLUSION

We are interested in constructing a simple observer for the harvested fish population
model structured in n ages classes, in an invariant domain using the Lie Derivative trans-
formation. The asymptotic state observer is explicitly formulated.
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